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Centre of Gravity of Surface and Solid of Revolution. 

By E. W. Hyde, University of Cincinnati. 



The formulas derived in this paper are for the most general case of the revolution 
of any curve, plane or tortuous, about any axis, through any angle. 

Let p = <f> (t) = <f> (t being omitted for brevity) be the equation of any curve, 
and let e be a unit vector in any direction ; then 



e 



P = *4" ' (1) 

will be the equation of a surface of revolution formed by revolving cj>(t) about a 
line through the origin in the direction e. 

As the origin may be moved to any point by introducing a constant vector 
into <f>(t), and as any direction may be chosen for e, this equation is perfectly 
general. 

1st. The surface element is TVD e pD t p . dddt. 
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D e p — €' V^<j> , and J) t p = e : ff J ; 
hence 



TVD eP D t p = TVeVe<f>e«$ e~* = V<j>' 2 V 2 e<j> - Sh^ = TV$Vz§, 
as may be shown by expanding and reducing. Therefore the surface is 

S =ffdedtTV<j/Ve<l> = (0 2 - e^fdtTV^'V^ . (2) 

"We have then for the centre of gravity, if the density be uniform, 

p =ffe*<f>e~"TV<l>'re<f>.d0dt + ff TV<j>' Ve<f> . dddt; (3) 

or, integrating for 6 from Q x to 6 2 , 

p =f[0 € -iSe<j> - e' Veflfc TV$ Fe<£ . dt - (0 2 - ed/TVfi Vz$ . dt . (4) 
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If the integration be from to 2 it, equation (4) becomes 

P = e-ys&jtTrfr&ft.dt +fTr<f>'Ve(i> . dt. (5) 

Tf the generating curve lie in a plane through the origin and the vector e about 

which it is revolved, we have Se<f><f> = 0, and therefore TVfiVrf = T<j/Ve<f>, so 

that in that case this latter expression may be substituted for the former. 

« __» 
2d. Volume. Writing <r = up = u^c/te ", we have 

9 

V= —fffSD u <rD e <rD t (r . dudddt = — fffu 2 Se*<f>e~VD 9 pD t p . dudddt, 
which on expansion and reduction becomes, 

V=fffu 2 S . W Ve(f> . dudddt ; (6) 

and for the centre of gravity 

p =fffu s e"<l>f"S.<l><f/Ve<j> . dudddt +fffii i S. <fx}>'Ve<}> . dudddt. (7) 
If we integrate for u from to 1, and for 6 from 6 X to 2 , we have 
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P = \f[d<r 1 Se<i> - e" r&ms . 44' Ve<f>.dt + ii(0 2 - e 1 )js. 44 V4 . dt. (8) 

If 6 X = and 6 2 = 2 rr , equation (10) becomes 

p = i fryse^s. 44 Ve4> . at + \js. 44 V4 . dt. (9) 

Formulae (7), (8), and (9) are unchanged when the generating curve lies 
in a plane through the axis, though in that case TV4>4>Ve4> may be substituted 
for S. 44' Ve4>. 

As an example of these formulas let \is take the hyperboloid of one sheet 
generated by the revolution of a right line about an axis which it does not 
intersect. 

Let 4>(t) — <*■ + tfi> then the hyperboloid will be 

p = e*(a+ /3*)e _l . (10) 

Let Sae = Sap = 0, and Tfi = 1 ; then 



TV4>' Ve4> = V4>' 2 V'e4>-S*e4>4>' = V - a 2 - £ 2 ea0 - f V\$ = TVej3 VW+t*, 
if we write — TTe/3 — ~ a > (H) 
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p =f[$te- 1 Se$ - e* Fe (a + #)]&« VV-R 2 -*- (0 2 - ^)/<« V^+7 2 
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2«t 2fe 26, 



-|_ € ^~ e *~ ei IfdtV^+f b-Oi- " 

The integration of this equation will give the centre of gravity of a strip of the 
surface of the hyperboloid lying between two positions of the generatrix at an 
angular distance apart of ft — ft. 
For the solid we have 



so that 



W Ve<f> = 3 (a + fit) fi Ve (a + fit) = a?Sefi ; 
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P = l/C^- 1 ^ - e- Ve (a + #)]* A + | (ft - ft) h , 

o 

= | [| ^e- W - gr^r ( * - ?) Ve (a + | tf ] . (13) 

This gives the centre of gravity of the solid bounded by the plane Sep = 0, 
the hyperboloid, a cone with its vertex at the origin cutting the hyperboloid in 

the circle p = e"(j> (ti) e~", and two positions of the plane through the origin and 
the generating line given by ft and ft. 

It will be noticed on comparison that the formulae derived in this article do 
not agree with equations (23), (25), and (26) of Mr. Stringham's article in No. 3, 
Vol. II., of this Journal. Those equations appear to be incorrect for the reason 
that, though the integration has already been performed with regard to one or 
more variables, p is still taken as the arm of the element, which should be the 
vector from the origin to the centre of gravity of the element. It would follow 
from each of these equations, since they are independent of <f>, that the barycen- 
tric vector is independent of the angular distance through which the generating 
curve has been revolved, which is certainly not the fact. 



